DEFINITION. The index of a nilpotent element x in a ring R is the smallest positive integer n such that x n = 0. The index of R is the supremum of the indices of all nilpotent elements of R. If this supremum is finite, then R is said to have bounded index (or finite index). If R is a regular ring of bounded index n, then all indecomposable factor rings of R are simple artinian of length at most n, by [5, Theorem 2.3] or [4, Theorem 7.9] . In particular, every regular ring of bounded index is a subdirect product of simple artinian rings. Similar results also hold for any regular ring R whose primitive factor rings are artinian, in which case all indecomposable factor rings of R are simple artinian, by [6, Theorem 3 .4] 64 K. R. GOODEARL AND D. E. HANDELMAN or [4, Corollary 6.7] .
DEFINITION. An abelian regular (or strongly regular) ring is a regular ring in which all idempotents are central. Equivalently, an abelian regular ring is a resular ring with no nonzero nilpotent elements. Thus a regular ring is abelian if and only if it has index 1.
DEFINITION. Let R be a regular ring of bounded index n. We say that R is homogeneous if all primitive factor rings of R also have index n. Since all primitive factor rings of R are simple artinian, this is equivalent to requiring that all simple artinian factor rings of R have length n. As the following theorem shows, every homogeneous regular ring of index n can be expressed as an n x n matrix ring over a regular ring of index 1. THEOREM 
(Kaplansky) Let R be a regular ring, and let n be a positive integer. Then R = M n (S) for some abelian regular ring S if and only if all primitive factor rings of R are artinian of length n.
Proof. [5, Theorem 4.2] or [4, Theorem 7.14] .
It is quite easy to construct regular rings of bounded index which cannot be decomposed into direct products of homogeneous rings, as follows. Start with a numerical relation of the form m^ + + Wit* = t, where m l9 , m kf t ί9 --,t k ,t are positive integers. Choose a field F, and set T = M t (F) . In view of the relation m^ + + mk t k -t, we see that T has a block diagonal subring S^S x x x S kf where S t = M t . (F) . Now let R be the ring consisting of all those sequences {x n } of elements of T for which there exists an index j such that Xj e S and x 5 -x j+1 -x j+2 = . It is clear that R is a regular ring of index t. Defining e u e if --eR so that e u = 1 and e i% = 0 for all n Φ i, we see that these e t are orthogonal central idempotents in R, that 0 e t R is a two-sided ideal of R, and that each e t R ~ T. However, #/(© e,jβ) ~ S = S, x x S kf hence R has exactly one simple artinian factor ring of length t t for each i = 1, •••,&. Consequently, we conclude that R cannot be isomorphic to a direct product of homogeneous rings.
To summarize this example, given any relation m^ + + γn k t k = t among positive integers m lf , m k , t u , t kf t, there exists a regular ring R of index t such that the set of lengths of simple artinian factor rings of R is {t, t u , t k ) and such that R is not isomorphic to a direct product of homogeneous regular rings of bounded index. We prove in Corollary 7 that if no (nontrivial) such numerical relations hold among the lengths of the simple artinian factor rings of a regular ring R of bounded index, then R is isomorphic to a direct product of homogeneous rings. Our methods are based on analyzing the pseudo-rank functions which arise on artinian factor rings of R, as follows.
DEFINITION.
A pseudo-rank function on a regular ring R is a map N:
A rank function on R is a pseudo-rank function N such that for all x eR, (d) N(x) -0 if and only if x = 0. The kernel of a pseudo-rank function N is the set ker (N) -{xe R\N(x) -0}, which is a proper two-sided ideal of R, by [2, Lemma 5] or [4, Proposition 16.7] . The kernel of a family of pseudo-rank functions on R is defined analogously.
Given a regular ring R, we use P(R) to denote the set of all pseudo-rank functions on R. We view P(R) as a subset of the real vector space R R , which is given the product topology. As shown in [2, pp. 270, 273] we have h t $ ker (P), whence P(h t ) ^ 1/t. But then Proof. Set_X t = {NeP(R) \ N(x) e {0, 1/ί, 2/ί, , 1} for all x e R}, and note that V t £ X t .
We claim that ker (N) ^ ker (P) for some Ne V t . Suppose not. For each_eeker(P), set W(e) = {NeP(R)\N(e) > (ί -l)/ί}. Given any iSΓe ΐ^, we have ker (iSΓ) ^ ker (P) and so ker (N) + ker (P) -i2, by maximality of ker (P). As a result, there must exist an idempotent e 6 ker (P) such that 1 -e e ker (JV), whence N(e) = 1 and so Ne W(e). Thus Fί £ Ueeker(p) W(e). Since F f is compact and each W(e) is open, there must exist e lf , e n e ker (P) such that F* £ W(βi) U U W(O Choose an idempotent e e R such that eR -e x R + + e n R, and note that eeker(P). Given any Ne V t , we have Ne W(el) for some i, whence N(e) ^ iSΓfe) >(ί -l)/< and so JV(e) = 1 (because NeX t ).
In particular, iSΓ(l -e) = 0 for all Ne V t , hence 1 -eeker(V t )-On the other hand, P(l -e) = 1, which contradicts the assumption that Therefore ker (N) ^ ker (P) for some NeV tf as claimed. According to Lemma 2, R/ker (N) = R 1 x x R k for some simple artinian rings R i and rn/iR^) + + m k /(R k ) = έ for some positive integers m<. Since iϋ/ker (P) is simple, we must have iϋ/ker (P) = R d for some j, and we may renumber the R t so that i?/ker (P) = R lm DEFINITION. We use Spec (R) to denote the prime ideal spectrum of a ring R, that is, the set of all prime ideals of R, equipped with the usual hull-kernel topology. 
Proof. Set V t = {Ne P(R)\R/ker (N) is simple artinian of length t), and note that J t S ker (V t ). If M is a two-sided ideal of R such that R/M is simple artinian of length t, then there exists
Inasmuch as R/J t is a subdirect product of simple artinian rings of length t, we see that R/J t has bounded index, whence R/K is simple artinian. Then there is some PeP(R) for which ker (P) = K, and ker(V r ί ) ^ ker (P), hence we obtain the desired conclusion from Lemma 3. THEOREM Then R = M S (S) x T for some abelian regular ring S and some regular ring T which has no simple artinian factor rings of length t.
Proof. If Jif is infinite, then there must exist distinct t, uejZ 7 which are congruent modulo s. If t < u, then ms + t = u for some positive integer m, which contradicts (t). Thus Sf must be finite. Inasmuch as R is a subdirect product of artinian rings, it follows that R has bounded index.
Set J t = n {ikfeSpec(i2)|/(J?/ikf) = t) for all ίe.ώf, and set
If Consequently, no prime ideal of R contains both J s and J. Then J s + J = R, hence R = (J?/J s ) x (i2/J). The previous paragraph shows that i?/J has no simple artinian factor rings of length s. In addition, we have seen that all prime factor rings of R/J s have length s, whence Theorem 1 says that R/J s = M S (S) for some abelian regular ring S. COROLLARY 
Let R be a regular ring which is a subdirect product of artinian rings, and set .v^ = {s(R')\R' is a simple artinian factor ring of R) .
Assume the following condition: The assumption (#) in Corollary 7 puts boundedness restrictions on ^ (in addition to finiteness). For instance, if JZf contains a pair of relatively prime integers t x and &>, then it is a consequence of (#) that t ^ V 2 -*! -ί E for all t e jϊf.
We indicate some cases in which the above results apply. Let R be a regular ring of bounded index, and set
<g> = {/(R')\R
f is a simple artinian factor ring of R] .
First consider the case when £f -{2, 3, 4}. If J 2 is the intersection of all Me Spec (R) for which /(R/M) = 2, then Theorem 5 says that R/J 2 = M 2 (S) for some abelian regular ring S. However, J 2 need not be a direct summand of R, as shown by the examples above. Also, Theorem 6 says that R ~ Λf s (S') x T for some abelian regular ring S' and some regular ring T which has no simple artinian factor rings of length 3. However, R need not be isomorphic to a direct product of homogeneous rings, as shown by the examples above. Now consider the case when £f = {3, 5, 7}. In this case, Corollary
for some abelian regular rings S 3 , S 5 , S 7 .
DEFINITION. For any ring R, we use B(R) to denote the Boolean algebra of all central idempotents in R. We use BS(R) to denote the Boolean spectrum of R, that is, the spectrum (maximal ideal space) of B(R). The ring R is biregular provided that for any xeR there is some e e B(R) such that RxR = eR.
If R is a regular rings which is isomorphic to a direct product of homogeneous rings of bounded index, then it follows from Theorem 1 that R must be biregular. Thus we would expect improved versions of Theorems 5 and 6 and Corollary 7 in case the rings involved are biregular. This is indeed so: for the biregular cases of these results, we need only assume that there are no divisibility relations of certain kinds among the lengths of simple artinian factor rings. The proofs in the biregular case are easier as well, since here standard Pierce sheaf methods may be used. We begin with the following easy and well-known lemma, which does not seem to have a suitable reference in the literature. a ring) .
(c) => (b): Given any central idempotent e e R/K, the biregularity of R impries that there is a central idempotent feB(R) such that / = e. Since K' e BS(R), either feK' or 1 -/ e K', whence either e = 0 or e = 1.
(b) => (a) is immediate from the biregularity of R. Proof. Inasmuch as R/J 8 is a subdirect product of simple artinian rings of length s, we see that R/J 8 has bounded index. Thus if R' is any primitive factor ring of R/J 8 , then R f is simple artinian. According to Lemma 9, /(R')\s, which by our hypotheses implies that /(R!) = s. Now apply Theorem 1.
THEOREM 11. Let R be a regular ring which is also biregular,
HOMOGENIZATION OF REGULAR RINGS OF BOUNDED INDEX 71 and assume that R is a subdirect product of artinian rings. Set £f -{/(R') \R' is a simple artinian factor ring of R] , let se^, and assume that s\t and t\s for all te^f such that t Φ s. Then R = M S (S) x T for some abelian regular ring S and some regular ring T which has no simple artinian factor rings of length s.
Proof. Let J s be the intersection of all those two-sided ideals M of R for which R/M is simple artinian of length s, and let J be the intersection of all those two-sided ideals M of R for which R/M is simple artinian and /(R/M) Φ s. Note that R/J s has bounded index. Since R is a subdirect product of artinian rings, we see that J s n J = 0.
If J s + J Φ R, then R has a maximal two-sided ideal M such that J 8 + J <^ M. Since R/J s has bounded index, R/M is simple artinian. Then Lemma 9 says that /(R/M)\s and /(R/M)\t for some teJtf such that t Φ s. Under our hypotheses, this is impossible.
Therefore J s + J = R, whence R ~ (R/J s ) x (R/J). It is clear that R/J has no simple artinian factor rings of length s. Also, Theorem 10 says that R/J s ~ M S (S) for some abelian regular ring S.
We would like to thank Walter Burgess for helping to simplify our original proofs of this theorem and the following corollary.
COROLLARY 12. Let R be a regular ring whose primitive factor rings are artinian y and assume that R is also biregular. Set
S^7 -{S(R') IR' is a simple artinian factor ring of R] , and assume that s\t for all distinct s,tej*f. Then J5f is finite and R = J[ te^> M t (S t ) for some abelian regular rings S t .
Proof. For each t e Jϊf, Theorem 11 says that there exists a central idempotent e t e B(R) such that e t R = M t (S t ) for some abelian regular ring S t and (1 -e t )R has no simple artinian factor rings of length t. Since all simple factor rings of e t R have length t, we see that the e t are pair wise orthogonal. If M is any maximal two-sided ideal of R, then R/M is artinian and /(R/M) = s for some s e J*f, whence 1 -e s e M and so e s £ M. Thus X, e t R is not contained in any maximal two-sided ideal of R, hence Σ e tR = R> Therefore Sî s finite and R ~ Π e t R.
We indicate some cases in which these results apply. Let R be a regular and biregular ring of bounded index, and set 72 K. R. GOODEARL AND D. E. HANDELMAN .5? = {s(R') I R f is a simple artinian factor ring of R) . Since our results are valid with weaker hypotheses in the biregular case than in the general case, it is of interest to characterize the biregular rings among those regular rings to which our results apply. This we do for regular rings R whose primitive factor rings are artinian. We may view such an R as constructed from a family of simple -artinian rings, and the manner in which these simple artinian rings are joined together to form R is indicated by the topology on Spec (R). This topology determines whether or not R is biregular, for, as we prove in Theorem 15, R is biregular if and only if Spec (R) is Hausdorff. It is convenient to proceed by relating biregularity to the following conditions. DEFINITION. Given modules A and B, we use the notation A < B to mean that A is isomorphic to a submodule of B. A regular ring R is said to satisfy the comparability axiom if for any x y y eR, either xR < yR or yR < xR. A regular ring R is said to satisfy general comparability if for any x, y eR there is some central idempotent e e B(R) such that exR < eyR and (1 -e)yR < (1 -e)xR. PROPOSITION 
Let R be a regular ring such that all simple homomorphic images of R satisfy the comparability axiom. Then R is biregular if and only if R satisfies general comparability and all prime ideals of R are maximal.
Proof. If R satisfies general comparability and all prime ideals of R are maximal, then R is biregular by [4, Corollary 8.24]. Con-versely, assume that R is biregular. By Lemma 8, all prime ideals of R are maximal.
Given elements x, y eR, choose idempotents g, heR such that gR -xR and hR -yR, and set 
G = {MeBS(R)\g(R/MR) < h(R/MR)} H = {Me BS(R)\h(R/MR

(R/MR) < h(R/MR) or h(R/MR)< g(R/MR) f whence MeG U H. Therefore G[jH= BS(R), hence BS(R) -G and BS(R) -H are disjoint compact subsets of BS(R). Inasmuch as BS(R) is totally disconnected, there must be a clopen set W £ BS(R) such that BS(R) -HC TΓ and £S(Λ) -Gg fiS(β) -TΓ, so that TFS G and BS(R) -W^H. Now T7= {MeBS(R)\eίM} forsome eeB(R). For all Me W, we have MeG and so g(R/MR) < h(R/MR).
Applying [7, Proposition 3.4 ] to the ring eR, we conclude that egR < ehR, that is, exR < e?/i2. Similarly, (1 -e)yR < (1 -e)xR. Therefore R satisfies general comparability.
For many considerations, the topology on the spectrum of a regular ring R is too coarse to distinguish certain needed information. For instance, even if R has bounded index, the maps Λfh-> /(xR/xM) (for various x eR) need not be continuous. However, the corresponding maps involving P(R), namely iVh-> N(x), are continuous. In order to effectively utilize this and similar observations, we need topological relations between Spec (R) and P(R). Specifically, we develop such relations between Spec (R) and the following subset of P(R).
DEFINITION. Let K be a convex subset of a real vector space. An extreme point of K is any point xeK which cannot be expressed as a nontrivial convex combination of two distinct points of K. In other words, x is an extreme point of K if and only if the only convex combinations x = ay + (1 -ά)z with 0 <^ a <^ 1 and y, ze K are those for which α = 0, α = 1, or y -z. The extreme boundary of if, denoted 3 e ίΓ, is the set of all extreme points of K. In situations where K has a topology, we give 9 e ίΓ the relative topology. If If e Spec (22), then R/M is a simple artinian ring, hence there exists a unique rank function on R/M. Thus there exists a unique N 6 P(22) for which ker (N) = M, and it follows from the uniqueness of N that Ned e P(R). Therefore θ is a bisection.
If X is a closed subset of Spec (R), then X = {Me Spec (22)| ΓS M} for some Y £ iZ. As a result, (X) = {Ned e P(R)\N(y) = 0 for all ^6 7), which is a relatively closed subset of 3 e P(R). Therefore θ is continuous.
(b) Since d e P(R) is Hausdorff, necessity is clear. Conversely, assume that Spec (R) is Hausdorff. We claim that d e P(R) must be closed in P(22).
If not, then there is some NeP(R) which lies in the closure of d e P(R) but not in d e P(R). There exists a real number a such that 0 < a < 1 and distinct P lf P 2 e P(R) such that N = aP x + (1 -a)P 2 . Note that ker (N) <ί ker (P € ) for each ΐ. As a result, we see that P x and P 2 induce distinct pseudo-rank functions on i2/ker (N). Thus R/ker (N) is not a simple artinian ring, hence ker (N) i Spec (22 Given xeR, set X n = {Ned e P(R)\N(x) ^ 1/n} and K n = ker (XJ for all n = 1, 2, . Note that
If not, then there exists KeSpec(R) such that U^^iί but x$K.
Choose an integer k> /(RjK). Inasmuch as N(x) ^ 1/fc for all NeX k , we infer that Jc(xR/xM) < i2/Af for all Meθ(X k ).
Applying [4, Theorem 4.19 ] to the unit-regular ring R/K k , we obtain k(xR/xK k ) < J2/jK" f e , and consequently k(xR/xK) < i?/if. Since /(RjK) < fe, it follows that xR/xK = 0, which contradicts the fact that # g iί. Thus a? 6 U Jε», as claimed.
Therefore a?elT Λ for some n. Set X = {Ned e P(R) \N(x) = 0}, and note that X is closed in d e P(R). Given any Ned e P(R) for which N(x)<l/n, we have NeX n and x e K n = ker (XJ, whence NeX. Thus we also have X = {JVe3 β P(i2)|iSΓ(a;)< 1/w}, so that X is a relatively open subset of d e P(R). Consequently, Θ(X) is a clopen subset of Spec (R), hence there exists eeB(R) such that 0(X) == {MeSpec (J2)|βeAf}. In addition, we have Θ(X) = {AT 6 Spec (iϊ)|cc eΛf}, from which we conclude that eR = RxR.
Therefore R is biregular.
Comparing Theorem 15 with Proposition 14 brings up the following question: If R is a regular ring whose primitive factor rings are artinian, and if d e P(R) is compact, then is R biregular? We show that this is true in case R has bounded index, but not in general. Proof. If R is biregular, then Spec (R) is Hausdorff. In this case, Proposition 14 shows that 3 e P(R) is homeomorphic to Spec (R), whence d e P(R) is compact.
Conversely, assume that d e P(R) is compact. In view of Propositions 14 and 16, we see that the rule Θ(N) -ker (JV) defines a homeomorphism θ of d e P(R) onto Spec(i2). Thus Spec(i?) must be Hausdorff, whence Theorem 15 says that R is biregular. EXAMPLE 18. There exists a regular ring R, whose primitive factor rings are artinϊan, such that B e P(R) is compact but R is not biregular.
Proof. Choose a field F, set R n = M n (F) for all n = l,2, and set / = φiϊ w , which is a two-sided ideal of ΠR n . Choose an idempotent e e ΠR n such that rank (e n ) = 1 for all n, and set RFe + F(l -e) + J. It is clear that R is a regular subring of ΠR n . Observing that every central idempotent of R is also central in ΠR nf we see that there does not exist / 6 B(R) such that fR -ReR, whence R is not biregular.
For each n, let g n denote the identity element of R n . Then (1 -g n )R is a maximal two-sided ideal of R and jβ/(l -g n )R = R n . Also, M x = Fe + J and M 2 = F(l -e) + J are maximal two-sided ideals of R such that R/M, ^ i?/Λf 2 -F. Checking that M lf M 2 , and the (1 -g n )R are the only prime ideals of R, we find that all primitive factor rings of R are artinian.
In view of Proposition 14, d e P{R) = {Q u Q 2 , P u P 2 , P 3 , •}, where ker (QJ -Λf t for each i = 1, 2 and ker (P Λ ) -(1 -flrjjβ for all τι = 1, 2,
. We claim that P n -> Q, in P(i2). Given any x eR, we have x -ae + /S(l -e) + ^/ for some a, β eF and some ί/eJ. Note that Q x (x) -rank (β) (we are viewing /5 as a lxl matrix). Choose a positive integer k such that # Λ = 0 for all n > k. Then we infer that P n (x) = [rank (α) + O -1) rank (β)]fn for all ^ > /v, whence P n (aj) -» Qi(aj).
Thus P«(x)-+Q 1 (x) for all ^6i2, hence P n~> Q, in J%β), as claimed. As a result, we conclude that Q x is the only limit point of the set {P u P 2 , •••}, and consequently that d e P(R) is closed in JP(i2). Therefore 3 e P(β) is compact.
